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Abstract—A new derivation and interpretation of the decomposition recently introduced by Nemat-Nasser
are presented.

In the finite elastoplastic deformation theory many authors, e.g. Lee[l], Lehmann(2,3],
Sidoroff [4], etc. decompose the deformation gradient multiplicatively into the plastic and elastic
parts, Recently, Nemat-Nasser[5] has proposed an additive decomposition which, not like the
multiplicative decomposition, leads to a stretch rate decomposition where the elastic stretch
rate does not depend of the plastic deformation. Here we give an alternative derivation and
interpretation of Nemat-Nasser’s decomposition.

In the infinitesimal elastoplastic deformation theory the strain tensor is additively divided
into the elastic and plastic constituents: € = € + €”. The material differentiation of this formula
leads to the additive decomposition of strain rate tensor: é = é° + €°. €° represents such a strain
state to which the deformed body in an elastic unloading process should be inversely subjected
that all material elements become unstressed. Generally in nonhomogeneous deformations such
an unstressed compatible state can not be obtained. For the purpose of material property
studies, however, it is sufficient to consider homogeneous deformations where all material
elements undergo the same deformation and stress changes. The unstressed state is then
obtained by removal of the surface traction. For homogeneous deformations, €® and €’ are
constant and the compatibility conditions are identically fulfilled. By prescribing the displace-
ment and rotation (or velocity and rotation velocity) at some point we can by means of line
integration calculate at arbitrary point the displacement

u=u"+u’ )]
or the velocity
a=1u+v. Q)

This means that the displacement (or velocity) vector is a sum of two imagined vectors: u®
represents the elastic part and u? the plastic one. These two constituents are uncoupled.

If one treats the finite elastoplastic deformation in the uncoupled theory as a process
consisting of an infinite series of infinitesimal uncoupled elastoplastic deformations, then
formula (2) retains its validity for every moment. A material time integration of it leads to the
same formula for the displacement (1), this time already in finite deformations. The inter-
pretation is the same as in the infinitesimal theory. If the position vectors of a typical point in
the initial and actual configurations are denoted by X and x, respectively, then (1) can be
rewritten as

x-X s X+(:) X, 3)
or

x=x+x-X.
& (4)

(x) ((x)) is the position which the typical point would have occupied in an imagined purely elastic
e p
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(plastic) deformation. From (4) we obtain straight the additive decomposition of the defor-
mation gradient:

F=gradx=grad x ~grad x ~-I=F+ F -1, (5)
(e) [f2] e »

where I is the identity tensor. This decomposition has been recently introduced by Nemat-
Nasser{5] in a different way. A material element dX is deformed by mapping F into

dx = FdX (6)
in the total deformation. Writing F in form

F=(I+FF'-F)F )
(pXe) (&) (o)

or

F=(I+FF'-F")F, @®

(eXp) @

one can imagine that dX is deformed elastically or plastically into

dx = F dX
()t‘) (e (9)
or
dx = F dX, (10)
) M

respectively. Similarly to the Green's deformation tensor or the Lagrangian strain tensor
T 1
C=F'F, E=§(C—I) (11)

in the total deformation, one can define the analogous tensors for ealstic and plastic parts:

C=F'F, E=3(C-I (12)
(&) () (&) (e} (e}

and
C=FTF, E=1(C—I), (13)

» ®® » 2

respectively. Thus, we have the elastic stretch-squared

|F dXP
A= =N CN 14)
A= NG (
and the plastic stretch-squared
|F dX[
A?=2_——=N-CN (15)
) dX »)

where N is the unit vector.
If one takes the material time derivative of both sides of (5), one obtains

F=F+F, (16)

(e) (p)
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which, upon multiplication by F~', yields unambiguously the decomposition of velocity gradient
and strain rate tensor:

L=FF'=FF'+FF'=L+L, (17)
(&) » ) ¢

D=1(L+LT)=1[(L+LT)+(L+LT)]ED+D. (18)
2 2% o ® @ © @

Thus, the rate of the work w per unit mass and its decomposition are expressed by

W=+ w=ieD, (19)
®© ¢ P
.1
=—t: D, 20
(‘:; P (20)
W =lt: D, @2n
®» P »

t and p being the Cauchy stress tensor and current mass density, respectively.
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